BDasic onpev\'\es ot Sets

A set 15 on waovdeveol collechon o? o\\%‘f\\/\d
omectss wwaew ove coledd  eements. Twe setr Hhat
oloes not confai Ny ElemLnys |3 o\p\gopvw\‘rem
vereved Yo as We empty set denotred

Intevsechon: Ank =X XA ondx B} two-set case
- -get case
QA‘i =P\J\Azﬂ“'ﬂAn s S84

{X:XEA or xeB} two-set case
ALUAU - UA N-SET COsE
} r & vi

It Yhe m’revsechon of o wuwmbey of se’r% S the
ewmipiy set then we call Jr\/\em Aisjoint .

The Caviesian Produet AxDB={@,0:0eA ond vep}

The Power Set of A1 PAY={X: XAl

T\/\e Covdamalitu: of aset A devotes the number
oF elements W the ser 2 v wyittenn as 1A\

For o fwnchon £:A>B Ae caled Yne aomarm %

Vs caledh YWe Cadomonr B the set LT0reA} s
e C rgnge oF ¥

oy SeyERDY wphes =0 then § s nective
Oy one-to-owne)

L 1§ Sy evevw DED theve 15 some aefh such
ot §oyv=b e § s suviecTve (ov ondo)

Dl £ both imechve & Suviectkive Baen §
15 biectwve




Intvoduchow o Nuwmbevs 1

N The Natuvral Numbevs '
We can define He viatuval viumbevs Svow he
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&
Zevmelo-Fraenkel Ser Theovwhetric Axloms -
with The Axiom of C\howee (ZFC Axioms) :
-

¢

<

&

e

¢

WNe begin by vepresent the wmuwmbev zevo O as
the ewpty set B We thew defwe n successor
funclion . 21X of v st X Yo be the setr gwen oy
S0 =xUE Applumg e fumchon revavily welde:
' whiclh cowm ber cont

0=¥ wved foron avp- .
1 = 1K} =10} fyov AW Dwlowny ¢
2 ={&, 1%} =10,13 ot TIes To exp- &
3 = 1KARL, {0,033 ={0,1,23  vegss aviv nawval )

nuwpeyv. We -

o\e?\v\e' No to be the zeb of o\l of tese vuwwbers
(vepvesenyed o sets). _

Wit Hais et of obyects establidhned, we viexy
Tuvn Quy atfenhon to defwawng Yae orderrig of N
nem tinew et is. v less Baan w1k n
. 15 on element W .

. #n A A A #p A 4n Gn 9Oy

The lost step i Hs construchon s Yo show that
N sohsfies closuve undev addhon 3. W\\A\’r\‘?\bﬂ@w
but nots subtvachon/\nvevses. Ths wminlkes Noig)
vy Ovoeved semi-vYing, ,;
To Yuvn (Noy* ) ko on ovileved vm%\ We Wt
Aefive e wegalive viuwbevs: Z wWwo '

swallest ovdeveo\ ving, covtoavwg No
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Intvoduchon to Nuwbers 1L

@ The Rohional \\\uyrv\hbcvs e e
b e Wawe vYaTN\OWA\ COWE
& {“ A @} fvomv Yhe wovdh " vahnoe” dire
o fhe Srachon tvot apoeavs W Haew debinvhon
The vahonal numabevs have some fievee propeviies
Fov ann -2 € & Hhen: .
b Theve ave wnwwarely ynavyy Yational viuwbers

betweeyy v w49
b Dr2EP (Closuve wadev adkdinion)

by -4 €& (Closuve wdev Subivachow)
Ly D+ LEED (closwe Wader winhplicahon)
> Vg € P (closuve wadey dwision)

Howevev, ew ave not closed waoer agunowe-vosy
s means ot the vahonal nuwbevs  owe
not o\gebvarcalw closed : Theve exists
polpnomials  wirth yational coefricienys Whose
voots ave wyahona

Theovewi: The vumbey NZ 15 wyohond .
Proot: Assume, fov o contvachiclion ¥hat Nz s
vohovio). Then, TVieve ywust be WO, nuambeys 9
84 P ove vnon-zZ€vo wrevgevs such ok
a0t We assume thal 7 & 2 have N0 comwon
T dwisovs, wheh welds e Tollowing
JTq, =7 3 1gt=¢ s worlies that 2 15 dwisible
T by it weaning 2 15 cwisible by
p. 90, We Con wyire p=2k for some won-zevo
wrevgey ¥, Weh uields Ly St
197=0 = L4 = (1) = 24' AR Ao £/
Ths wpliee that 2. 1 dwisible by both 222" Whieh

would Covyadich owy Oﬁ%,%M%\OV\ Haak %2 do
ot WWE oW common Sactors . Thue 12 1s vrahonal. QED




Fields Ovdeved F’lﬁeflol'é i A
A freld 12 a non-Eemry . ser TF on whneh

two bwiavy opevahons oave: Aefwed: addihon
(3 & winlthphcahon (), sahisfuwng the following

Axiom 1: The Commutative Pvopeviv
£ .belF, hen arb=bsn & a-b=b-n

Axiom 2: The Distvbuhve Proyertu
¥ 2, b,cETF, tWen a-(b+C)=n-b+a-c

Axiom 3t The Associahve Propeviu
It 2. b,CceTF, then (0+bYrc=n+(b+c) &
(h-bY-C=0n-(b 'C) _

Axiom &: The Vdenhtwn Properin
Theve ove spectal elewewnts @; TETE, wWheve
20=0 & a-1=0 Yov all nelfF

Axiom 9: The Inyerse Properhy
For each n€lF, Heve s oy element -a€F
such ot a+Ce)=0. \§ 0#0. Yhen theve B
a0 ot elewment 0ETF such Yhat a-ot=1

Axiom (: The Ovdev Progerin
Theve 15 oo vion-ewiptn suoser PEF, calleo
tWe positve elements such Thod
U\H: (Ao beps '\'\(\'QV\ G\"'bEP . D,'bep é\
b- H" f.}nEW & r)*,*@-n W\e\/\ e\S/\CV A € P oY "*’ﬁﬁP.,
L but wnevev ot 0,=0 €
\

P oo Seld sohshies e OMoaxigm thew
Wea coll \f o 7Ovdeveos Q\Cf'\g\

& o & o D S DD B e

- s Th T s s ™ = -
‘1 h qf‘ [ I'\ - 1' ] [ } . J 'I' ¥ . -' | ¥ .
» o ® i i 8 ‘ ®

4 &t ahn M . '?h nﬁl .‘ﬁf* e‘?b P-';*
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Metvic Propevhies of Ovdeved Fields

Definihon of Inequalihy:

¥ [F 1s on ovo\eveo\ field & o,belr, ’r\nev\ We S
a<b” § b-0€P Likewise, we 30w “0>b" \f p-bEP
(a2 ave defined as the Preceding t™Wo defi-
Mmhons  vegspechvelw, oV a-b=0 wmpluveg asb

Definthon of Absolute Value:

£ IF s om ovo\evea\ Srelds The obsolpte Valvwe

fmchon V-1 TF~F Yo be 3 x>0
Ve pvopevhes of Jr\noe %) { %<0

abso\uie value ove oo Kollows, W\Aevc o B b

DV E e\\e\mevx‘r‘y N v ovdeved Field:
\0 \ \- ) TWe UY00%S Coy -

Vb b#0 all ¥aok bl
\ \ \§ b onln i -bengh

0
b.
C.
Q.
e.
;.

* 2,

* .
x 1.

The Revevse TTviang)\e \V\eq,uo\\\m
[1al-1b)) & =D

" the Sollowing tages we wil\ prove that the

propevhes mowvliked Wit A oave Tvue.

120, Wit equalb o & only € 4 =0 <
r <\ Wese  propeyngs

= 1ol - \b WeL ERGLA - 2 ‘do
\ / N 020 | V\O{" WANT iVO WYIC

e Triavgle \neaualibu: |atbl<lal+b)



Aosolute Volve & Wequalths
Pvoposthon: 1a1<b 1§ & onln & ~bicng by wheve
it 15 ovn ovdeved field & o, b éefF '

Proof: Degin by assuming Haat lo\<b.

Mu\’hpb\vzmg both 21des by -4 '\'6\&6 ue hat
i ,.

—1 012 -b. Low pvovevin ¢ we know that -lalca <
Puthng these facks Yogethev:-b-lavsnslaleb
Whtehh™ wplies Yot -b<o<b. |

To pvove that the vevevse 16 also tvue,
as5uwme Mt -bengh. TThewn, one of dne
Tollowivig must be tvue

Cose T : 230 Cose T 0.<Q
it 020 Yhen \al=aa | § a<0, then o zlala
Mus smee 2<b s | Huse sivce -bza His
implies that lol<b wmplles that -b <ral
S olesiveol muthplumg s by =1
pels \al2b on desiveo

Thus s implies thet 1 ether case.
2120 15 Yvue S QED
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The Triangle Inequalits

Theovem: It TF 15 an ovdeved j?\c\o\ B X.\¥¥E Y\:
Then |X+y] <)%+ 149) _

Proof: We wavt Yo shiow ot lxeuw)£xdivy -
Which, accovdmng o e proposiionn ow ’r\/\e
W@\/\OU\S age, 15 frue \§ 3 ony I
- (DXl ful) €70 < 12 414 N W\ese SUNS Con
| X1~ \‘-é\< XU SIX W) be P 1o two
povts. Accovdng o proveviu c. o? Wie O\\oso\u%e
value we hpve: _
-Ix1 ¢ x £1x) -\4) 214 £ )
Ao\o\mg \‘\/\666 ero fogether wieldls e Sollowing
)=l 0y S Twhich, b Hhe associodve
PVO ev’rUg/H/\c o\leﬂ\bm*\va pvoveviy 15 equal Yo
DL S <04+ Y] 3 30 by the Vvovos Mov!
o) ‘r\/\e ve\/\ou-% pages We have: SED

< |X| )Y
Ne will $ind owsc Ves covmvxg‘ back o {he
Viongle mequAlA a5 A Yol L veals avalusis
OGAW & 0\%0\\\/\ A vechor

2 hoe Jength X\ 50 1F we Al 2y
consider o Jaw of vectors -

138 as well as the vectoy IR\ "
%44, ‘r\/\e\/\ he lengihs 7

%om be pietuved as o -

\ow\@, g. The “hoviest patt behween two  poivts
on o Pave 15 A e Theverove, the ohistance
fvom A Yo C (1¥+9) 7 5 the 5\/\ov’res’c pothns I 15

0 \OV\%e\/ voure Yo ¢ from A +oB Yo C Hhat
15> whal the tviangle weaualvyy stavres.



The Revevee Tviangle lnequalitn

Theorem: Assumg Yot TF & an ordeve o( ;.
telds 3 ok \-&56“?) en \\f\ \‘5 <\> 41 ;

Proof: We wont Yo show ’r\no\’r %=1 £ 10 -1V & L v

We Wi\ §ivst show  that 1x\-\ulgix-y). '

Let o=x-u 3 b=u. Then, bu ’r\«\e wiangle mequaling
Lo+ b1 £ 10l +1 by ™ot v, 10U +u) <\ X - m+\\a\

| X&) %))
PAREARIPSEY w
Nex‘r we apY\B o Stimilowy awvoach {'o show A
=1 -“‘\ X|-1u| L_er’& cjrw\ bl Th%im b%n
e vmmg,le meqma \ WE VAve
Voo crdl4]c that 154
[USIOER S AT A EAP K\

1wy < =310 = Thus, We have Shown  Hat
p A RNV A R T PA VIR M PAPELY
TS imphies ot weaving Yk

XU £ 11191 < \ B Q.ED

Covollavw: It F s an ovdeved Seld 3 x4 €F Hhey
| X-u] £ 1X] +{4) 3 1%eu) 2 Iy =u

Lel TF be an ovdeved $ielod. we detine Hae
d\5+m?n%e\ ' \A’\"ru\nc’non o : TxF~F bw
\6 /

h dp 9 9 O H & H DH O D D M D P P @ P oo










































































































































































































































































































































































































































